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Abstract

This paper provides a sufficient condition for the non-emptiness of the core in coalition for-
mation such as the formation of clubs, partnerships, firms, business alliances, and jurisdictions
voting on public goods. The condition is formulated for settings in which agents first form
coalitions and then each coalition realizes a payoff profile from the set of available alternatives
via mechanisms such as various games, bargaining, and sharing rules. In these settings, the
core is non-empty for all preference profiles induced by the mechanisms if and only if the
preferences of agents over proper coalitions are pairwise aligned. The agents’ preferences over
proper coalitions are pairwise aligned if any two agents in the intersection of any two proper
coalitions prefer the same one of the two coalitions. For instance, there exists a core coali-
tion structure if the payoffs are determined in the Tullock rent-seeking, and Nash, egalitarian,
and Rawlsian bargaining solutions. In these cases, there is generically a unique core coalition
structure and the grand coalition does not necessarily form. The core might be empty if the
payoffs are determined by the Kalai-Smorodinsky bargaining solution or Shapley value. The
paper also determines the class of linear sharing rules and regular Pareto optimal mechanisms

for which there are core coalition structures.
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1. Introduction

This paper studies games of coalition formation whose outcome is a coalition struc-
ture defined as a partition of the set of agents into coalitions. All the agents have
preferences over the coalitions they can join.? The paper focuses on situations in which
agents first form coalitions and then each coalition realizes a payoff profile from the set
of available alternatives. Examples of such situations include the formation of clubs (cf.
Buchanan 1965), partnerships (Farrell and Scotchmer 1988), firms and business alliances
(Hart and Moore 1990), jurisdictions voting on public goods (Jehiel and Scotchmer
2001).3

A major challenge in modelling coalition formation is that the core* — the standard
solution concept employed to study games of coalition formation — may be empty. In
effect, the models of coalition formation rely on structural restrictions to ensure that
the core is non-empty that is there are core coalition structures. For example, Farrell
and Scotchmer (1988) assume that the value created by a partnership is divided equally
among partners. Hart and Moore (1990) assume that the coalition value depends on
investments made by coalition members before they formed the coalition, the invest-
ments are complimentary at the margin, the marginal return on investment is positively
correlated with the total return, and the total return is divided in Shapley bargaining
within the coalition.’

This paper addresses this challenge. It provides a sufficient and, in a certain sense,
necessary condition for the existence of core coalition structures and it provides a suf-
ficient condition for the uniqueness of the core coalition structure. The conditions are
satisfied in several bargaining settings that have not previously been recognized as ad-

mitting core coalition structures.

2Bogomolnaia and Jackson (2002) and Banerjee, Konishi and Sonmez (2001) use the term hedonic
games of coalition formation to refer to such games. Dréze and Greenberg (1980) use the term hedonic

to refer to the dependence of an agent’s utility on who else belongs to his or her coalition.
3Jehiel and Scotchmer (2001) assume that there is a continuum of agents, while this paper focuses

on the case of a finite number of agents.
There are also coalition formation games with special structure such as the one-to-one and many-to-

one matching studied by Gale and Shapley (1962) and surveyed by Roth and Sotomayor (1990).
4 A coalition structure is in the core if there does not exist a counterfactual coalition whose members

strictly prefer it to their coalitions in the coalition structure.
®Hart and Moore (1990) also assume that the coalitional value is superadditive in coalition members

and their assets.



The main component of the proposed condition is the pairwise alignment of prefer-
ences on proper coalitions.® Agents’ preferences are pairwise aligned on proper coalitions
if any two agents in the intersection of any two proper coalitions prefer the same one of
the two coalitions. This condition is satisfied if agents’ payoffs are determined in Nash
bargaining. It is also satisfied if the payoffs are determined according to some other
consistent solution concepts such as the egalitarian and Rawlsian division rules, and
Tullock (1980) rent-seeking game.

However, the pairwise alignment of a single preference profile does not guarantee
that the core is non-empty. For instance, in a roommate problem agents match in pairs
and any two agents may form a pair. Preferences are always pairwise aligned, but the
existence of a stable coalition structure is not assured.”

Because of the problem illustrated by the above example, the main results of the
paper rely on the pairwise alignment properties of the mechanism used to determine
the payoffs and not only on the pairwise alignment of a single profile of payoffs. Recall
that agents first form coalitions (on date 1) and then (on date 2) each coalition chooses
a profile of payoffs from the set of available alternatives. On date 1, the agents cannot
negotiate binding contracts. Thus, their preferences over coalitions result from their
expectations of the payoffs that will be determined on date 2. On date 2, each coalition
creates and divides a coalitional value, playing a game, using a bargaining solution, a di-
vision rule, or another mechanism. This mechanism determines the agents’ payoffs. The
mechanism is pairwise aligned on proper coalitions if the mechanism generates agents’
preferences that are pairwise aligned on proper coalitions for all coalitional values. The
paper imposes some mild regularity assumptions on the mechanisms studied.

The paper’s main results are as follows. It is sufficient for the existence of a core
coalition structure that the mechanism is pairwise aligned on proper coalitions. For
any mechanism that does not satisfy this property there exists a superadditive value
function for which the mechanism generates a coalition formation problem with empty
core. Thus, the pairwise alignment of the mechanism is necessary for the existence of
a core coalition structure for all value functions. Moreover, the core coalition structure
is generically unique if the mechanism generates agents’ preferences that are pairwise
aligned on all coalitions for all coalitional values.

The above sufficiency and necessity results allow one to determine which sharing rules

and games induce the existence of core coalition structures. For instance, Section 5 shows

6A coalition is called proper if there is an agent that does not belong to the coalition.
TCf. Example 3.2.



that there is always a generically unique core coalition structure if agents’ preferences
are induced by Nash bargaining, egalitarian or Rawlsian solution, or Tullock’s (1980)
rent-seeking game. In addition, this section shows that using the Kalai-Smorodinsky
bargaining solution or the Shapley value to divide the payoffs may result in empty core.
Section 6 relates the pairwise alignment condition to the literature on consistency of
solution concepts. Section 7 determines the class of linear sharing rules and the class of
welfare maximization mechanisms that induce the existence of core coalition structures.

The idea of using pairwise alignment to study the core seems to be new. As noted
above, Farrell and Scotchmer (1988) study of the formation of partnerships shows that
the core is non-empty in a coalition formation game followed by an equal division of
value. Banerjee, Konishi, and Sténmez (2001) notice that the equal division may be
replaced by some other linear sharing rules in Farrell and Scotchmer’s analysis. In a
companion paper, Pycia (2005) studies stability of many-to-one matching and shows
that the pairwise alignment of preferences generated by a post-matching mechanism is
crucial for the existence of stable matchings.

The paper proceeds as follows. Section 2 introduces the model. Section 3 presents
examples. Section 4 presents the main results. Sections 5, 6, and 7 apply the results to

determine which mechanisms generate non-empty core. The last section concludes.

2. Model

There is a finite set of agents I. A coalition structure S is a partition of I. That
is in a coalition structure S, each agent a € I belongs to exactly one coalition S (a) €
C =2 — {0}. Each agent a € I has a preference relation 3, over all coalitions C' that
contain a.®

Each agent i € I has a preference relation 3; over all coalitions that contain i.
The profile of preferences (3;),.; is denoted by Z;. This formulation embodies the
assumption that each agent a is indifferent between any two coalition structures with
same S (a).

Agents’ preferences among coalitions reflect agents’ payoffs obtained in a game played
after the coalitions are formed. More precisely, the payoffs are determined in the fol-

lowing way. There are two dates. On date 1, agents form coalitions. On this date, the

8That is each agent a is indifferent between any two coalition structures with same S (a).



agents cannot negotiate binding contracts. Consequently, the agents form their prefer-
ences by foreseeing what will happen on date 2. On date 2, agents in each resultant
coalition play a game that determines individual payoffs.

We are interested in the non-emptiness of the core in the above environment.

Definition 2.1 (Core). A coalition structure S is blocked by a coalition C' if
C >, S (a) for all a € C. A coalition structure is in the core if it is not blocked by any

coalition.

Each coalition C' # I is called proper and each coalition structure S # {I} is called

proper or non-trivial.

3. Examples

Let us start with an example first studied in Farrell and Scotchmer’s (1988) analysis

of partnerships that divide surplus equally.

Example 3.1. During coalition formation, the agents from set I of agents cannot
negotiate binding contracts. The agents’ preferences over coalitions are determined by
date 2 payoffs. At date 2, each coalition C that formed creates value v (C') > 0 and
shares it equally among its members.

In this example, the core is non-empty. Indeed, to construct a core coalition struc-

ture, take a coalition C'; C I that maximizes per member value

C1CI #Cl )
add a coalition Cy C I — C; that maximizes
v (Cs)
#Cy

and recursively repeat this process until all agents are assigned to a coalition. The

max CoCI—-C4

resulting coalition structure is in the core.

A question arises what characteristics of the equal division rule lead to the non-

emptiness of the core? The answer to this question provided in this paper relies on the



notion of pairwise alignment of preferences. Preferences are pairwise aligned if for all

agents i, j and coalitions C, C" 3 i, j, we have
C il = C tj C’

Preferences generated by the equal division rule are pairwise aligned. Section 6
studies other value sharing mechanisms that generate pairwise aligned preferences such
as the Nash bargaining.

The pairwise alignment of a preference profile is not sufficient to guarantee non-

emptiness of the core as illustrated by the following.

Example 3.2. Consider the coalition formation problem with three agents a1, as, as.
Assume that each agent prefers to be in a coalition with one other agent to being alone,
and prefers being alone to the grand coalition. Then, the preferences are pairwise

aligned. However, if

{a‘37a1} >_CL]_ {0’170‘2}
{ab (12} >_ag {a27 Clg}
{a27a3} >_(13 {a?)?a/l}

then the core is empty.

The next two sections will show how pairwise alignment as a property of ex post
game is sufficient, and in a certain sense necessary, condition for non-emptiness of the

core.

4. Mechanisms and Coalition Formation

The basic structure of the matching problems studied in this section is similar to
Example 1 of Section 3. The structure is as follows. There are two dates. On date
1, agents form coalitions. On this date, the agents cannot negotiate binding contracts.
Consequently, the agents form their preferences by foreseeing what will happen on date
2. On date 2, each resultant coalition C' realizes a payoff profile from the set of feasible
payoffs

{(ui)ieC € RL": Zul S (C)} ’

icC
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where v (C) is the value of coalition C' and v : C — Ry is the value function. We
allow the payoffs u; to represent expected payoffs from lotteries over a larger space of
outcomes. Coalition C' realizes a feasible payoft profile by playing some game, following
some bargaining protocol, or using some sharing rule. For instance, in the example
of Section 3, the payoff profile was chosen via equal division. Other examples — such
as Nash bargaining, Tullock’s (1980) rent-seeking game, and linear sharing rules — are
discussed in Section 6.

A post-matching mechanism (or, mechanism) is a game or a choice rule that players
use to decide which profile of payoffs will be realized. The following definition of a post-
matching mechanism identifies each such game or rule with resulting agents’ payoffs
because ultimately the stability properties of any matching problem are determined by

these payoffs alone.

Definition 4.1 (Mechanism). A post-matching mechanism is a function G that
for every coalition C' and value v (C') determines nonnegative payoffs G (i, C,v (C)) for

all members 7 € C so that

d GECu(C) <u(C).

ieC

For example, an equal division rule operating on a coalition C' with value v (C')
: c
produces payoffs G (i, C,v (C)) = %
This section discusses mechanisms that are regular in the following sense

Definition 4.2 (Regularity). A mechanism G is regular if for any agent i and

proper coalition C' 3 i
e G has full range: {G (i,C,v (C)) : v (C) > 0} = [0,00)
e (G is monotonic: G (i,C,?) is increasing in ¢ > 0
e (G is continuous: G (i,C,v) is continuous in ¢ > 0

For example, the equal division rule is regular. Also, Nash bargaining, Tullock’s

rent-seeking, and linear sharing rules discussed in Section 6 are regular.’

A mechanism that chooses payoffs (u;),c that maximize a welfare functional Y, - Wi (u;) has
full range if the welfare components W; satisfy an Inada type condition W/ (u) — 0 as u — oco. If this
condition fails, the welfare maximization mechanism may fail the full range condition, for instance, if
W1 (u) and W4 (u) tend to 0 as u — oo but W4 (u) > 1 for all u.

7



This section provides a sufficient and necessary condition for the existence of stable
matchings for all preference profiles induced by a regular mechanism. These conditions
build on the notion of pairwise aligned preferences. Recall that preferences are pairwise
aligned on proper coalitions if all agents in an intersection of any two proper coalitions

prefer the same coalition of the two.

Definition 4.3 (Pairwise Alignment). Preferences are pairwise aligned on proper

coalitions if for all agents 4, j and proper coalitions C,C’ 3 i, j, we have

CriC<—=Cr; '

In particular, then C' ~; C" ift C ~; C’, and C »; C" iff C >; C’'. Preferences
generated by the equal division rule of Example 3.1 are pairwise aligned.

The sufficient and necessary condition for stability is given by the following.

Theorem 4.4 (Sufficiency and Necessity). Assume that there are at least
four agents. A regular post-matching mechanism induces preference profiles that are
pairwise-aligned on proper coalitions if, and only if, the core is non-empty for each
induced preference profile.

We first prove the sufficiency part, then comment on the proof of the necessity part,
and end this section with a discussion of which assumptions may be dropped and which
assumptions may be relaxed.

The key part of the proof of the sufficiency part relies on the following result about
metarankings. A metaranking is a transitive relation on a class of coalitions that, re-
stricted to coalitions containing any particular agent, agrees with preferences of this

agent. Formally,

Definition 4.5 (Metaranking). A metaranking on coalitions from family B C
21 — {(} is a transitive relation < on coalitions from B such that for any i € I and
coalitions C, C’" € B that contain 1,

C30=C<xC.

An example of a metaranking is determined by the per-head value of a coalition

in a coalition formation followed by the equal division of value. The existence of a



metaranking is a strong and desirable property of a coalition formation game. For
instance, Pycia (2006; Chapter 1 of the thesis) shows that if there is a metaranking,
then coalition structures in the core are obtained as Strong Nash Equilibria!® of a broad

class of non-cooperative coalition formation games.'!

Proposition 4.6 (Existence of a Metaranking on Proper Coalitions). As-
sume there are at least four agents. If a regular post-matching mechanism induces
preference profiles pairwise-aligned on proper coalitions, then for each induced prefer-
ence profile there is a metaranking on proper coalitions.

Proof. Consider proper coalition C' and agent a € C. Because of monotonicity,
G (a,Cv" (C)) = G (a,C,v(C)) implies G (b, C,v" (C)) = G (b,C,v (C)) for any values
v (C),v' (C). Thus, we can define the payoff translation functions ¢, : (0, 00) — (0, 00)
for each proper coalition C' and agents a,b € C by the condition

tyq (G (a,C,0)) =G (b,C,7), §>0.

The pairwise alignment guarantees that tbcﬂ = tbc; Thus, we can refer to translation
function between a and b as ;4.

Choose an arbitrary reference agent w* and fix the value function v : C — R,.
Because of the full range assumption, ¢, , (G (a,C,v (C))) is well defined for any agent

a and proper coalition C' 3 a even when w* ¢ C. By pairwise consistency,
tw o (G (a,C v (C))) = tww (G(d,C,v(C)))

for any different a,a’ € C. Indeed, if w* € C then the claim follows straightforwardly
from the pairwise consistency. If w* ¢ C, then by full range there is a value function
v : C — Ry such that

G(d,Cv (0)) =G (d, {a,d,w} v ({a,d,w*})), and
V' (C) =0 (C).

10Cf. Aumann (1959), Rubinstein (1980). We may alternatively use the solution concept of Coalition-
Proof Nash Equilibrium of Bernheim, Peleg, Whinston (1987).

Despite the attractiveness of the existence of metarankings as a property of coalition formation
games, it is difficult to use metarankings as a sufficient condition for the non-emptiness of the core.
The difficulty lies in constructing an index — such as the per-head value of a coalition — for each coalition
formation game. Our results solve this problem by connecting the existence of metarankings with the

pairwise alignment, which is readily verifiable in a variety of settings.

9



Then, the pairwise alignment implies that also
G (a,C0V' (C)) =G (a,{a,d,w*}, v ({a,d,w*})).
Since w* € {a,d’,w*}, we have

twa (G (a,C,v(C))) =ty o (G (a,C 0" (C)))
=ty a (G (a,{a,d',w*} 0" ({a,d,w"})))
=ty o (G (d,{a,d ,w*} v ({d,d',w*})))
=ty (G (d',C, 0 (C)))
=ty (G(d,C v (C))).
Consequently,
X (C) = tua (G (a,C,V (C)))

does not depend on « if C' is fixed. Monotonicity of the mechanism implies that x (C)

determines a metaranking on proper coalitions. This completes the proof.

Proof of the sufficiency part of Theorem 4.4. Let us consider an auxiliary preference
profile (=),.; such that
I1=<C

for all 7 € I and proper C' > i, and
CC«—=C=xC

for all i € I and proper C,C’ 3 i. Pycia (2006)'? shows that to prove the non-emptiness
of the core for the profile (=;),.; it is enough to prove it for (X}),.,;. By the above

12For completeness, the relevant result is fomrulated and proved in this footnote.
Proposition. If the core of (Z;),.; contains a two or more elements coalition structure and (3}),¢;
is equivalent to (Z;);c; on proper coalitions, then the core of (), is non-empty.

Proof. If {I} is in the core of (}),c;, then the claim is true. Also, if there is a coalition structure
S # {I} in the core of (Z;);c; such that at least one agent (3;),., weakly prefers S to {I}, then S is
in the core with regard to preferences (Z}),c;,
Otherwise, all agents strictly prefer {I} to any S # {I} in the core of (Z;),.; and {I} is not in the

core of (

and the claim is true.
Zi)icr- Then, there exists a coalition C' such that all its members strictly prefer C' to I in
preferences (3);c; - ser- Then C ¢ S. Hence
there is an agent a € C such that C' 3, S (a). But then a strictly prefers I to S (a), weakly prefers
S (a) to C, and strictly prefers C to I, which is a contradiction. QED

Take a proper coalition structure S in the core of (3;)

10



construction and Proposition 4.6, there is a metaranking on all coalitions that reflects
the preference profile (=), ;. Hence, the Farrell and Scotchmer (1988) type of argument
used to prove the claim of Example 3.1 shows that the core is non-empty for (=}),.;.

This completes the proof.

As an inspection of the proof shows, we can drop the assumption of there being at
least four agents if preferences are pairwise aligned on all coalitions that is if for all

agents i, j and coalitions C,C" 3 i, j, we have

O?\:ZO/<:>O,>\:]C,

The necessity part of Theorem 4.4 is proved in the appendix. The proof relies on
the following two lemmas.

Lemma 4.7. If a regular mechanism induces preferences such that
Cn~; C "= C ~; C’

for all 7,5 € I and proper coalitions C,C” > i, j, then preferences generated by the

mechanism are pairwise aligned on proper coalitions.

Lemma 4.8. If a regular mechanism generates preference profiles with non-empty
core and coalitions (' 2, (3,51, and agents aq, ag, ag are such that'3 {a;} = Ci_1i N
Ciit1, then,

C31 ~a, Crp and C g ~g, Cog3 = Cy3 ey Cs 1.

Let us finish this section with the discussion of assumptions. First, let us recall that
Example 3.2 showed that even for the sufficiency part, it is not enough to assume that
a single preference profile is pairwise aligned. Second, notice that Lemma 4.7 shows
that for regular mechanisms the pairwise alignment assumption may be relaxed. Third,
the monotonicity and continuity assumptions are not needed in the sufficiency part of

Theorem 4.4 and Proposition 4.6 and the following result is true:

Theorem 4.9 (Sufficiency for Full-Range Mechanisms).!? Assume there are

at least four agents. If a full-range post-matching mechanism induces preference profiles

13We adopt the convention that subscripts are modulo 3 that is Ciiv1 =03 1ifi =3and C;_1,;, =C3,
ifi=1.
14Proofs of Theorems 4.9, 4.10, and 4.11 are presented in the appendix.

11



pairwise-aligned on proper coalitions, then the core is non-empty. Moreover, there is a

metaranking on proper coalitions.

Fourth, for the necessity part of the equivalence, it is enough to assume that the
core is non empty for superadditive value functions. A value function v : C — R is

superadditive if
v (Cl U Cg) > (01) + v (02)

for any disjoint C,Cy € C.

Theorem 4.10 (Necessity for Superadditive Values). Assume there are at
least four agents. If a regular post-matching mechanism induces preference profiles with
non-empty core for all superadditive value functions, then the mechanism is pairwise-

aligned on proper coalitions.

Finally, if we assume pairwise alignment on all coalitions, then the core coalition

structure is generically unique.

Theorem 4.11 (Uniqueness). Assume there are at least four agents. If a full-range
post-matching mechanism induces preference profiles pairwise-aligned on all coalitions,
then the core is non-empty and for generic value function contains a unique coalition

structure. Moreover, there is a metaranking on all coalitions.

5. Applications and Examples

This section analyzes several examples of coalition formation environments and uses
the results of Section 4 to determine whether the core is non-empty. The mechanisms
considered are Nash bargaining, Tullock’s (1980) rent-seeking game, the egalitarian and
Rawlsian division rules, Kalai and Smorodinsky (1975) bargaining solution, and the
Shapley value.

We consider the setting of Section 4. Recall that there are two dates. On date 1,
firms and workers match but do not contract. Agents’ preferences are determined by
their payoffs on date 2. On date 2, each coalition C' realizes a payoft profile from the
set of feasible payoffs

icC

V(C) = {(u,-)iec € R7C . Zul < U(C)},

12



where v (C) is the value of coalition C' and v : C — Ry is the value function. We
allow the payoffs u; to represent expected payoffs from lotteries over a larger space of
outcomes. Coalition C' realizes a payoff profile by playing some game, following some

bargaining protocol, or using some sharing rule.

Nash Bargaining. On date 2, each resultant coalition, C', creates value v (C') > 0,
and its members divide v (C') according to the Nash bargaining solution. That is, each
agent ¢ is endowed with an increasing and concave utility function U;, and agents’ payoffs

s; maximize

subject to
Z s <wv(C).
ieC

Thus, agents’ preferences over coalitions are induced by Nash bargaining.

Corollary 5.1. If preferences during matching are induced by Nash bargaining, then

there exists a stable coalition structure. The coalition structure is generically unique.

This result is a corollary of Theorem 4.11 because Nash bargaining generates pairwise

aligned preferences.!

5 Three remarks about the Nash bargaining example might be of interest. First, the Nash structure
allows for the following direct proof of theorem 5.... Let us first observe that W, called the
fear of ruin coefficient (see Aumann and Kurz (1977a, 1977b) and Roth (1979)), is the same for every
agent in a coalition that divides value in Nash bargaining. Indeed, the Lagrange multiplier in the Nash
bargaining maximization equals the inverse of the fear of ruin, % Additionally, the larger the
fear of ruin of an agent is, the more the agent gains in a given coalition. Thus, no agents would ever
want to change a coalition that maximizes their fear of ruin. Therefore, the coalition with maximal fear
of ruin may be treated as if its members did not participate in the matching between the remaining
agents. In this way, one can recursively construct a core coalition structure. This completes the proof.

Second, the core is non-empty when preferences come from an asymmetric Nash bargaining
where agent ¢ has bargaining power A; and the division of value v (C) in coalition C' maximizes
[Lice (Ui(si) = U; (0N over s; > 0, i € C, subject to Yiccsi < v(C). In this extension, the
bargaining powers \; are agent-specific but are not coalition-specific.

Third, the values v (C') may either accrue to the entire coalition or be composed of parts that accrue
to individual members. In the latter case, the existence of a stable matching relies on the assumptions
that agents’ utilities are quasi-linear in a numeraire, and that, after the coalitions are determined, the

agents can contract. Then, v (C) is the sum of values that accrue to members in an optimal contract.

13



Notice that the grand coalition does not necessarily form even if the value function
is superadditive. Moreover, a strong bargaining power may hurt agents by making them

less desirable coalition partners.

Rent-seeking. On date 2, agents in each formed coalition C' = {a4, ..., a;} engage
in Tullock’s (1980) rent-seeking game over a prize v (C'). Each a; € C will be able to

ci
c1+...+cg
expand resources cy, ..., ¢ then agent a; obtains in expectation

lobby at cost ¢; to capture the prize v (C') with probability Thus, if agents

C;

— v (C)—a
c1+ ... +cg

The agents play the Nash equilibrium of this rent-seeking game; every agent lobbies at
vl(cg)
matching in any matching problem with payoffs determined by the Tullock rent-seeking.

cost %v (C') and has expected payoff . Theorem 4.4 applies and there is a stable

Egalitarian bargaining solution and the Rawlsian social choice function.
Let U; be the utility of agent ¢ from payoff s;. The egalitarian solution is the maximal
point in the set of feasible payoffs V' (C') where all agents have equal utility. The Rawlsian
social choice function chooses a point in V' (C) that maximizes the utility of the worst-off
agent.!0 In our setting if the agents’ utilities are continuous in (monetary) payoffs then
the egalitarian solution and the Rawlsian social choice function coincide. Both solutions

generate pairwise aligned payoffs, and the core is non-empty.!”

Kalai-Smorodinsky bargaining solution. Let U; be the utility of agent i from
payoff s;. The Kalai-Smorodinsky (1975) bargaining solution selects the Pareto optimal
profile of payoffs (s;),. € V (C) such that

Ui (s:) _ Ui (v(C)) ‘
Uj(s;) Ui (v(0))

This solution is regular if lim; .., U; (t) = co. As the example below shows, in general

this solution does not satisfy pairwise alignment, and hence there exists a value function

v : C — R, for which the core is empty.

Example 5.2. Consider I = {1,2,3,4} and U; (s) = log(1+s) and Us (s) =

Us (s) = Uy (s) = s. Then preferences of agents 1 and 2 are not aligned.

16Cf. for instance Thomson and Lensberg (1989).
1"The solutions are regular if U; (t) — oo when t — oo. The index x (C) = U; (G (i,C,v (C)))

determines a metaranking.
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Shapley value. On date 2, a subcoalition C” of coalition C' can unilaterally achieve

c

the value v (C’) . Assume that the values v“ are superadditive and set v“ (()) = 0. The

Shapley value of agent ¢ € C' is given by

S = Z ) (#(igy#C, — 1 [Uc (C/ u{i}) — Y (C,)}
c'cc

and is regular.

If, on date 2 each proper subcoalition of C' achieves the sum of its members reserva-
tion values, then the Shapley division is equivalent to Nash bargaining, and the core is
non-empty.

If, however, on date 2 each proper subcoalition C” of C' can achieve value
v (C) = v (C)

(i.e., same value that C" would achieve if formed on date 1), then — as shown by the
example below — agents’ preferences are not necessarily pairwise aligned, and hence there

exists a superadditive value function for which the core is empty.

Example 5.3. Consider I = {1,2,3,4} and the value functions v such that

v({1,2}) =v({L,3}) =2
v({1,2,3}) =v({1,2,3,4}) =y >=x

where x and y are positive parameters, and v (C') = 0 for remaining coalitions C. If
x and y are such that agent 1 is indifferent between {1,2} and {1,2,3} then agent 2
prefers {1,2} over {1,2,3}, and the preferences of agents 1 and 2 are not aligned.

6. Consistency and Pairwise Alignment

Pairwise alignment of preference profiles is related to the idea of consistency of
solution concepts. Consistency is a meta-requirement and the definition of consistent

solution concept vary between economic environments (cf. Thomson (2004)). In case
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of Pareto optimal division of a value ©,'® the definition of consistency introduced by

Harsanyi (1959)" to study Nash bargaining might be stated as follows.

Definition 6.1. A Pareto-optimal mechanism is consistent if
Gli,Cu(C) = Y G(,Co(0) | =G (i,Co(0))
jec—c!

for any C' € C'and i € C".

In many environments, a consistent solution concept generates pairwise aligned pref-

erences.

Theorem 6.2. A Pareto-optimal monotonic mechanism is consistent if, and only

if, it generates pairwise aligned profiles.

Proof. Assume that the mechanism is consistent. Let a,b € CNC” and « is indifferent
between C' and C’. Notice that it is enough to show that b is indifferent between C' and
C’" for C" = {a,b}. Then C’" C C, and by the consistency equation

G @,C/,v(o)—AZ G(j,C,v(C)) | =G, Cv(C))

for i € C'. Since, a is indifferent between C' and C’, monotonicity implies that

v(C)=v(C)= > G(j.Cv(C)).

jec—c’

Hence, b is indifferent between C' and C’.

18 A mechanism is Pareto optimal if for all values ¥ it generates payoffs that are Pareto optimal that
is Y0 G(4,C,0) = 0.

The idea of consistency of solution concepts was introduced by Harsanyi (1959) in his analysis of
the independence of irrelevant alternatives in Nash bargaining. In terms of our definition, he restricted
the choice of C’ to two-element sets; in our setting both variants of the definition give same concept
as may be seen from the proof of Theorem 6.2. Lensberg (1987,1988), Thomson (1988), Lensberg and
Thomson (1989), Hart and Mas-Collel (1989), and Young (1994) analyzed related notions of consistency
in the context of Nash bargaining, welfare functions, Walrasian trade, the Shapley value, and sharing

rules. Thomson (2004) gives an up-to-date survey of these results.
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Finally, assume that the mechanism generates pairwise aligned profiles. Pareto op-
timality implies that the consistency equation holds true for singleton C’. Assume that

consistency equation is satisfied for C” of size n and consider C" of size n + 1. Set

v(C)=v(C)= > G(j,Cv(C)).

jec—c’

Take a € €’ such that G (a, C’,v (C"))—G (a,C,v (C)) is maximal. By Pareto optimality,
G (a,C" v (C") =G (a,C,v(C)) >0
Then, by monotonicity of G and the inductive assumption for i € C' — {a},
G(i,C" v (C") =G (1,0 —{a},v(C") — G (a,C" v (C")))

:G<i,0’—{a},v(0)— > G(j,O,v(C))—G(a,C”,v(O’)))

jec—cr

<G <i,C”—{a},v(C)— > G(j,C’,v(C))—G(a,C,v(C’)))

jec—c’

G (i,C,v (C)).

Pairwise alignment implies that G (i,C",v (C")) = G (i,C,v (C)) for all ¢ € C’. This
ends the proof.

As an immediate consequence of Theorems 4.4 and 6.2, we obtain the following.

Corollary 6.3. Suppose there are at least four agents. Assume that a mechanism
that determines the payoffs in proper coalitions is regular and Pareto-optimal. The

mechanism is consistent if, and only if, the core is non-empty for all value functions.

Interestingly, a historical name used to refer to consistency was “stability,” cf. Lens-
berg and Thomson (1989). Thus, in the old terminology, the result says that a mech-
anism is stable (i.e., consistent) iff it generates stable (i.e., core) coalition formation

problems.
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7. A Characterization of Linear Sharing Rules and Pareto Optimal

Mechanisms with Non-Empty Core

This section characterizes the class of linear sharing rules and the class of Pareto
optimal regular mechanisms that induce pairwise aligned preference profiles, and hence

non-empty core.

Linear sharing rules. On date 2, agents divide the value using a coalition-specific
linear sharing rule. The share of agent ¢ in the value created by coalition C'is k; ¢. This
agent obtains

u; = k;cv(C).

The shares k; ¢ > 0 are coalition-specific, ) .. kic = 1, and k; ¢ do not depend on the
realization of v (C).

In this case, the pairwise-alignment requirement takes the following simple form.

Corollary 7.1 (Sufficiency). If agents divide the values using a linear sharing rule

with shares k; ¢, then there exists a stable matching if

kic ki

kic  kjcr

for all proper C,C" and 7,5 € CNC".

This corollary is an immediate consequence of Theorem 4.4 because linear sharing
rules with k; ¢ > 0 are regular.?’ Banarjee, Konishi, and Sénmez (2001) showed that a
slightly smaller class of linear sharing rules leads to non-empty one-sided core in coalition
formation.

The condition on shares is also necessary, in the following sense.

Corollary 7.2 (Necessity). Suppose that there are at least two firms able to
employ two or more workers each. If agents divide the values using a linear sharing rule
with shares k; ¢, and there exists a stable matching for all value functions v : C — R,

then
kic  kic

kj,C kj7c/
for all C,C" and 7,5 € CNC".

20We can also extend the result to allow for k; ¢ = 0.
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This corollary is an immediate consequence of Theorem 5.12.

Notice, that if agents’ utilities are U; (s) = s, then the Nash bargaining will lead
to linear division of value, and the resultant sharing rule will satisfy the above condi-
tion. Corollary 6.2 implies a partial converse of this statement. If there are firms able
to employ two workers, and a profile of shares k; ¢ guarantees an existence of stable
matching for all v : C — R, then the shares k; ¢ may be rationalized as coming from a

Nash bargaining.

Pareto optimal regular mechanisms. Consider risk-neutral agents. On date 2,
the members of each formed coalition C' choose a utility profile (u-c)ie c € Rfc that

)

maximizes the Bergson-Samuelson separable welfare functional

max Z Wi (u;) -
(“lc )iGC icC

subject to >, u; < v(C). The welfare components W;, i € I, are increasing and

concave. They are agent-specific, but not coalition-specific.

Lensberg’s (1987) results on consistency of welfare maximization and our Theorem

c

6.1 imply that payoffs (ul )ie o are pairwise aligned.?! Hence, we obtain the following.

Corollary 7.3 (Sufficiency). If payoffs are determined by the maximization of a

Bergson-Samuelson separable welfare functional, then the core is non-empty.

Lensberg’s (1987) also showed that all Pareto optimal and continuous choice rules
that produce pairwise-aligned profiles may be interpreted as maximization of a Bergson-
Samuelson separable welfare functional. In view of the results of Section 6, Lensberg’s

result implies the following??

Proposition 7.4 (based on Lensberg (1987)). Suppose that a post-matching mech-
anism G has full range, is monotonic, and the payoffs (G (i,C,v (C))),. are Pareto
optimal in

V(C) = {(ui)z’ec € RIC: ) u; < U(C)}

ieC

Hn fact, x (C) = W/ (u;), for some i € C, determines a metaranking.
22The appendix provides a simple proof of this result.
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for all value functions v : C — R.. If the mechanism induces pairwise-aligned preference
profiles, then there exist increasing strictly concave differentiable functions W, : U; — R
for i € I such that W (0) = 400, and

(G (i,C, v (0)));eq = arg _ max Z Wi (u;) .

Yicc wi€V(C)

This proposition?® and Theorem 4.10 imply the following.

Corollary 7.5 (Necessity). Suppose that a post-matching mechanism G has full
range, is monotonic, and the payoffs (G (i, C,v (C))),o are Pareto optimal in

V(C) = {(ui)z’e() € RET: Y u < U(C)}

ieC
for any v (C). If the mechanism induces preference profiles with non-empty core for

superadditive value functions, then there exist increasing strictly concave differentiable
functions W; : U; — R for i € I such that W/ (0) = +oo, and

(G (1, C,v(C))iec = arg max Z Wi (u;) -

w; €V (C
’LEC g ZEC

8. Conclusion

This paper proposes a sufficient condition for the non-emptiness of the core. The
main component of this condition is the pairwise alignment of preferences. The sufficient
condition is necessary for the existence of core coalition structures for all value functions.
For Pareto optimal mechanisms the condition is equivalent to the consistency of the
solution concept employed by agents to divide the payoffs within each proper coalition.

The sufficiency and necessity results allow one to determine which sharing rules or
games induce the existence of core coalition structures. There is always a core coali-

tion structure if agents’ preferences are induced by the Nash bargaining, egalitarian or

23Both in Proposition 6.4 and Corollary 6.5, it is enough to assume that agents’ payoff are Pareto
optimal in a subset V’ (C) of the quasi-linear set V (C) as long as the Pareto frontier of each V' (C) is

continuous in the value v (C).
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Rawlsian sharing rule, or Tullock’s (1980) rent-seeking game. The core may be empty
if agents’ preferences are determined by the Kalai-Smorodinsky bargaining or Shapley
value. The paper also applies the sufficiency and necessity results to (i) determine the
class of linear sharing rules that always induce agents’ preferences such that a stable
matching exists, and (ii) characterize the class of Pareto optimal regular mechanisms
that induce the existence of core coalition structures.

All results of this paper remain true for individual stability.?* Theorem 4.11 and
the positive results of sections 5 and 7 remain true for von Neumann-Morgenstern sta-
ble set?® but other results do not. An analogous theory is true for the core in the
man-woman-child problem and other multi-sided matching problems. In many-to-one
matching problems weaker conditions are sufficient and necessary for the non-emptiness
of the core, and yet weaker conditions are sufficient and necessary for the existence of in-
dividually stable matchings. Finally, the results might be also adapted to the roommate

problem if one replaces the pairwise alignment with the property proved in Lemma 4.8.
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Appendices to Sections 4 and 7
Appendix to Section 4.

Proof of Lemma 4.7. Fix i,j € I and proper C,C" > i, j. It is enough to consider
the case i # j and C' # C’. Assume that the value function v is such that C' 3; C” in the
induced preference profile ;. Use the full range assumption to find a value v’ (C') such
that C' ~; C" in the induced preference profile Z7. Then, v’ (C) > v (C) and C ~; C".

The monotonicity of the mechanism implies that C' 3; C'. This completes the proof.
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Proof of Lemma 4.8. For an indirect proof assume that there exists a cycle
Ci2,...,C3 1 that satisfies assumptions of the lemma but Cs; ~,, Ci2, Cia ~4, Ca3,
and Cy3 <4y Cs1.

Use monotonicity and continuity of the mechanism to find a profile of coalition values
such that C51 ~g, Ci2, C12 <4, Ca3, and Cy3 <4, C31 (We continue to denote the new
preference profile by the same symbol). Repeating this argument, find a profile of values
such that Cs1 <4, Ci2, Ci2 <4, C23, and Cy3 <4, C5 1.

Lower the values on all coalitions C' different from Cj,C53,C3; so that for all
1€ C12UCy3UC5; we have

C < Ciiy1-

The resultant profile of preferences does not admit a stable matching. This completes

the proof.

Proof of Theorem 4.4 (necessity part). By Lemma 4.7, it is enough to take
proper coalitions A, B and a,b € AN B, and show that

ANaB:>ANbB.

Furthermore, to prove this implication it is enough to show it for B = {a,b}. Thus
assume that A ~, B ={a,b}. Let c€ [ — A C I — B. Change the values on {a, c} and
{b, ¢} so that

{a,c} ~, A
{b,c} ~.{a,c}.

Then, by Lemma 4.8,
{b, C} ~p A.

Moreover, we have

{a,c} ~, B
{b,c} ~.{a,c}

Thus, by Lemma 4.8,
{b, C} ~p B

and the proof is completed.

24



Definition 4.9.1 (Rich Domain). A domain of preference profiles R is rich if
for any agent ¢ € I, proper coalitions C,C" 5 i, and any Z;€ R, there exists a profile
27€ R such that C' ~ C" and all agents’ 3 preferences between coalitions other than

C' are the same as in 37 .

A domain of all preference profiles that might be generated in the equal division rule
of Section 3 for different value functions v : C — R, is rich. Any full-range mechanism
induces a rich domain of preference profiles when applied to different configurations
of coalitions’ payoff profile sets. The domain of all profiles in any coalition formation

problem is also rich.

Lemma 4.9.2. Assume that there are at least four agents. Let the profile 3; belong
to a rich domain R of pairwise-aligned preference profiles. Then there are no cycles of
three proper coalitions C 2, Cy 3,31 € C such that

(a) there is an agent a;, € C;_1; N Cj 41,

(b) C31 Zay Co3 Zay Cr2 Zay Cs1 with at least one strict preference .

Proof. For an indirect proof, assume that there are proper coalitions C 2, Cs3,C3 1 €
C satisfying (a) and (b). Consider C' = {ay, as,a3}. If C is different from the coalitions

C3.1,C19,Ca 3, then there exists a pairwise-aligned preference profile 37€ R such that
C~,, Csy

and
! / !
C31 Zay Cr2 Doy Co3 Zuy O3

with indifference if there was an =; indifference in the cycle. A repeated application of

the pairwise-alignment property of =<', shows that

~1I
e a; is 3} indifferent between C' and Cj;, and thus prefers C' to C' o;
e ay prefers C' to (2, and thus to Cs3; and

e a3 prefers C' to Uy 3, and thus to Cs;.

None of the preferences on the cycle may be strict, as otherwise a3 would strictly prefer
C to (U3, contrary to as’s indifference between these two coalitions.
If C' equals one of the coalitions C3 1, (2, Cy 3, then we can repeat the above argu-

ment without the need to refer to the rich domain. This completes the proof.
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Lemma 4.9.3. There exists a metaranking on proper coalitions if and only if there

is no cycle of proper coalitions Cia, Cas...,Cy,1 € C for some m > 2 such that
(a) There exists a; € C’ifl,i N C/L'7fi+1 for i = 1, .., m and Cifl’i jai Ci,i+1-

(b) For at least one i the preference is strict C;_1; <4, Ciit1-

Proof. (=) For an indirect proof, consider coalitions Cis, Cos..., Cy,1 such that
a; € Ci—1; N Ciyip, i € {1,...,m}, satisfy conditions (a) and (b) of the definition of a
blocking cycle. Let C,,, 1 <4, Ci2. Then C 5 < Ca3, Ca3 < Cs 4, ete., and by transitivity
Ci2 < Cpa. Thus C) 5 Za, O, contradicting C, 1 <4, Cho.

(<=) Define relation = so that C' 5 C’ whenever there exists a sequence of proper
coalitions C; ;11 € C such that

o U= C'1,27
o (" =Cyymi1, and
e there is an agent a; € C;_1,; N C; ;41 such that C;_1; <,, C; ;41 for certain 7.
Then < is transitive. It remains to verify that for proper C,C’ with i € C N’
CxC =03,

To prove the first implication take Cy o = C, Cy 3 = C' and i = ay. To prove the reverse
implication assume that C' or C" are proper, i € C N C’, and C < C'. Now, if C' =; ',
then there would exist a blocking cycle; hence C' =; C’. This completes the proof.

Proof of Theorems 4.9. For an indirect proof, assume that the core for =<; is
empty. In particular, a metaranking on proper coalitions does not exist. By Lemma
4.9.3, the lack of a metaranking on proper coalitions means that there exists a blocking

cycle of proper coalitions Cis, Cos..., Cp,1 € C for some m > 2 such that

(a) There exists a; € C;—1;, N Ci 41 fori=1,...;m and C;_1; Za, Ciiva-

(b) For at least one i the preference is strict C;_1; <4, Ciit1-
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We will proceed by induction. Notice that the case m = 2 follows directly from the
pairwise alignment, and the case m = 3 follows from Lemma 4.9.2. For an inductive
step, fix m > 4, and assume that there are no blocking cycles of strictly fewer than m
coalitions. Let C' = {ay, as, as}.

First consider the case when C' = Cj 41, for some ¢ = 1,...,m. Look at C} 2, Cs3,C
and conclude from Lemma 4.9.2 that either C 5 <,, C, or Ca3 =4, C, 0r C ~g, C12 ~q,
Chsg ~ay C-

o If C=Cj;41 and C1 2 <,, C then ¢ # 1 and the shorter cycle
Ciit1 ﬁaiﬂ Cit1i+2 ja¢+2 e Dam Cma <ay Ciiva

satisfies (a) and (b) because Cy,1 Doy Cr2 <o, C = Ciiq1. This is impossible,

however, by the inductive assumption.
o If C=Cj;41 and Cy3 =4, C then ¢ # 2 and the shorter cycle

Ciit1 <as C34 Zay - 2

Sa; Ciin
satisfies (a) and (b) because C' <., Ca3 Za; Cs4. Again, this is impossible by the

inductive assumption.

o If O~y (g ~g, Ca3 ~y, C then the cycle C,Cs4..., C,, 1 is blocking contrary to

the inductive assumption.

Finally consider the case C' # C; ;41 for all i. We can use the rich domain assump-
tion to find a pairwise-aligned preference profile =; such that all preferences along the
blocking cycle are preserved and C' ~,, C,, ;. Abusing notation let us refer to the new

profile as 3;. Consider two subcases depending on preference of a3 between C' and Cl 5.

o If C' <,, Cy3, then consider the collection of m — 1 coalitions C, Cs 4, Cy5, ..., Cpy 1.

This is a blocking cycle of length m — 1 because C' <,, Ca3 Z4s Cs4.

)

o If C' z,, Ca3, then consider the collection of three coalitions C 5, Cy3,C. Since
C ~g, Cpa, we have C 3, C1 2. Thus the collection Cy, Cy, C' satisfies

~al
C Za Cr2 Zay Co3 Zas C.

By Lemma 4.9.2 all agents are then indifferent. But then C,Cs4...,C), 1 is a
blocking cycle of m — 1 coalitions, contrary to the inductive assumption. This

completes the proof.
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Proof of Theorem 4.10. Notice that if the initial profile of values was superad-
ditive, then the proof of Lemma 4.8 and the proof of the necessity in Theorem 4.4 may

be carried out while maintaining the superadditivity of the profile of values.

Proof of Theorem 4.11. By Proposition 4.5 there is a metaranking < on all

proper coalitions. Extend this metaranking onto a relation on all coalitions by defining
IxC&s3el) I3 C

and verify that the extended relation < is still a metaranking. Now, the construction
from Example 3.1 shows that whenever no agent is indifferent between two coalitions,
then there is a unique core coalition structure. This lack of indifferences is generic, and

thus the proof is completed.
Appendix to Section 7

Proof of Proposition 7.2. The proof of Proposition 4.6, presented in Section 4,
constructs the payoff translation functions t,, : (0,00) — (0,00) for any agents a,b.

Recall that for each coalition C' 3 a, b, we have
tb,a (G ((Z7 C? V)) =G (b7 Ca V) :

By the monotonicity of mechanism G, functions ?;, are strictly increasing. Since G
generates Pareto optimal profiles, functions ¢, are continuous.

Choose an arbitrary reference agent w* and define

Vo () = f(tura(u)), acl

where f: (0,00) — R is continuous, decreasing, f (s) — +o00 as s — 0+, and such that

1
/ Yo (T)dT — 400 as s — 0+ .

Notice that there exists a function f that satisfies these conditions. Indeed, there is a
finite number £ of functions ¢, , which are all continuous, increasing, and have value 0
at 0. Take

1 = max {ty .}
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and notice that it is also continuous and increasing, and has value 0 at 0. The functions

1, are integrable to infinity at 0 if f o t™** is. This will be so if, for example,

I
(tma) 7 (1)

max

f(t)=
Moreover, f is continuous and decreasing (since s™* is continuous and increasing), and
f(s) = +o0 as s — 0+ (because s™** (t) — 0 as t — 0). Notice that 1, are positive

and strictly decreasing and define,

AOEY Y (7) dr

Now, W, are concave and increasing, and lim, o, W, (s) = —0c0.

It remains to show that the solution to
max S W, (i)=Y / o (7) dr
EaEC ﬂGGV acC 0

coincides with G (a,C, V). Concavity of the problem implies that there is a solution.
Since the slope at 0 for each [, (7)dr is infinite, so the solution is internal. The
differentiability of the objective function implies that the internal solution is given by

the first order Lagrange conditions

(0 (aa) = A
and the possibility constraint (,) [sec € V. The first order condition can be rewritten
as
tw*,a ('aa) = f_l (A)
or

aa = ta,w* (fil (A)) :

If there is no worker in C', then C' = {f} for some f € F and the claim we are proving

is true. Otherwise, fix an agent w € C' and notice that for agents a € C
G (a,C,V) =ty (G (a,C,V))
Lemma 4.9.2 from the appendix to section 4 shows that

ta,w* o tw*,w = ta,uw
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Hence,

G (a,C, V) = taue (twe (G (a,C,V))) = taue (z)

for some = € R.

This equation, the analogous equation for 1, above, the monotonicity of ¢, -+, the
Pareto optimality of the mechanism, and the possibility constraint (i) |,ec € V imply
that

U, = G (a,C, V).

This completes the proof.
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